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Abstract 

Basic notions of continuous media mechanics are introduced for spaces with 
affine connections and metrics. The physical interpretation of the notion of 
relative velocity is discussed. The notions of deformation velocity tensor, shear 
velocity, rotation (vortex) velocity, and expansion velocity are introduced. 
Different types of flows are considered. 
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1 Introduction 

The notion of relative velocity is closely related to the notions of deformation ve- 
locity tensor and its kinematic characteristics (shear, rotation, and expansion). On 
the other side, the friction in a continuous media could be described in analogous 
way as the deformation. This give rise to considerations of friction "velocity" tensor 
and its kinematic characteristics. 

In Section 1 the introduction and the physical interpretation of the notion of 
relative velocity is discussed. The notions of deformation velocity tensor, shear 
velocity, rotation (vortex) velocity and vortex vector as well as expansion velocity 
are introduced for (L„, g)-spaces. In Section 2 the notions of friction velocity and it 
kinematic characteristics is introduced and considered. In Section 3 different types 
of flows are considered. 

All considerations are given in details (even in full details) for those readers who 
are not familiar with the considered problems. 

Remark. The present paper is the second part of a larger research report on 
the subject with the title "Contribution to continuous media mechanics in (L„, g)- 
spaces" and with the following contents: 

I. Introduction and mathematical tools. 

II. Relative velocity and deformations. 

III. Relative accelerations. 

IV. Stress (tension) tensor. 

The parts are logically self-dependent considerations of the main topics consid- 
ered in the report. 
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2 Relative velocity. Deformation velocity, shear 
velocity, rotation (vortex) velocity, and expan- 
sion velocity 

The notion relative velocity vector field (relative velocity) reiv can be defined (re- 
gardless of its physical interpretation) as the orthogonal to a non-isotropic vector 
field u projection of the first covariant derivative (along the same non-isotropic 
vector field u) of (another) vector field i.e. 

reiv = gihui^uO) = ■ h-jf: ■ -i-u^ ■ei = 

= a'' -r rP k- h^n -e a-u'-e,, (1) 
61 = di (in a co-ordinate basis), 

where (the indices in a co-ordinate and in a non-co-ordinate basis are written in 
both cases as Latin indices instead of Latin and Greek indices) 

hu = g ■ g{u) ® g{u) , hu = ft.^ • e\e^ ,g ^ g"-^ ■ e.i.ej, (2) 



g — gij ' 6 .e-', gij — gji , 
e\e3 = \ ■ {e'(»e^ + ® e') 



(3) 

(4) 



e = g{u, u) ^ gjj -u' ■ = Uj- ^0 

5(") = g{k • = = gik ■ u'' , u'' ^ I ■ v!- , (5) 
ei.Cj — \ - [ci® Bj + ej ® Ci) , 

In a co-ordinate basis 



(6) 



— dx^ , Ci = di = djdx^ , u — ■ di, 

Every contravariant vector field ^ can be written by means of its projection along 
and orthogonal to u in two parts - one coUinear to u and one - orthogonal to u, i.e. 

^^L.u + h-[giO] ^--u + gihum , (7) 
e e 

where 

l = g{S„u), h" = g- l-u(S)u , 
^^^^ .d, = e -ek , = h'^ ■ e,.ej , 

g{hu)g = h", hu{g){g) ^ hu , h^{g){g) = h^, g{h^)g = h^ . (9) 
Therefore, can be written in the form 

V„e = --u + M/i«(V«0] = --'«+ re;f , l^g{Vui,u) (10) 
e e 

and the connection between Vu^ and reiv is obvious. Using the relation between 
the Lie derivative £i^u and the covariant derivative Vju 
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Tij ^ = ~Tji = r*^j - r*^- - dj ^ (in a non-co-ordinate basis {efc}) , 

Tij ^ = r^, - r,^j (in a co-ordinate basis {dk] ) , 
one can write in the form 

Vu^^{k)g{0-£iu =k[g{0]-£iu, (12) 
or, taking into account the above expression for ^, in the form 



where 



V„^ = k[hu{£,)] + ^ ■ a - £^u 



k = {u' ,1 - Tik ' ■ u^-) • g'^ • e, ® e, 



— a = V„u = y- • • e,; . 
For hu{VuS,) it follows that 



rel 



V = g[hu{VuO] = 9ihu)i- ■a-£^u) + 5[d(0] 



(13) 
(14) 



/iu(V„^) = /iit(- • a - £^u) + K{k)hu{S,) , (15) 

where 

/i«(fc)/i.(0 = %-fc'='-%-e^-e\ 

/i„(m) = 0, u{hu) = 0, 
K{k)K{u) = 0, {u)hu{k)hu 0. 

If we introduce the abbreviation 

d = K{k)hu = % • fc''' • /ly • e ® = dij ■ (g) , (16) 
the expression for reiv can take the form 

J 



5(„i^') = /i«(V„0 = /i«(- • a - + d(C) . (18) 

e 

For the special case when the vector field f is orthogonal to u, i.e. ^ = si^ulOl; 
and the Lie derivative of u along ^ is zero, i.e. £^u — 0, then the relative velocity 
can be written in the form 

gireiv) - d(e) (19) 

or in the form 

relV = g[d{£,)]- 

Remark. All further calculations leading to a useful representation of d are quite 
straightforward. The problem here was the finding out a representation of /iu(V„^) 
in the form (151) which is not a trivial task. 
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2.1 Deformation velocity, shear velocity, rotation (vortex) 
velocity, and expansion velocity 

The covariant tensor field d is a generalization for (L„, (7)-spaces of the well known 
deformation velocity tensor for y„-spaces , |^ . It is usually represented by means 
of its three parts: the trace-free symmetric part, called shear velocity tensor (shear), 
the anti- symmetric part, called rotation velocity tensor (rotation) and the trace part, 
in which the trace is called expansion velocity (expansion) invariant. 

After some more complicated as for Ki-spaces calculations, the deformation 
velocity tensor d can be given in the form 



d = hu{k)hu = hu{ks)hu + hu{ka)hu = 



= (T -\- LO -\ 3_ ■ ■ h,. 



The symmetric trace- free tensor a is the shear velocity tensor (shear), 

a ^ sE ~ sP = E - P ~ ^ -glE ~ P] ■ h^ ^ ■ e^e^ = 
= E-P-^-{do-ei)-hu , 

^E = E- ^■g[E]-hu , 
g[E] = g^^ ■ Ejj = g^^ ■ E,, - 9^ , 

E = hu{e)hu , ks = £-m , 
e= 1 ■ g^^ + u\y g^') ■ e^.Cj , 



(20) 

(21) 

(22) 
(23) 



m = i • (Ta. ''■u''- g'^ + T^^ ^ • • g'^) ■ e, .e, . (24) 

The symmetric trace- free tensor si? is the torsion-free shear velocity tensor, the 
symmetric trace- free tensor sP is the shear velocity tensor induced by the torsion, 

sP^p-^-m-hu, 

g[P] ^ gt^l ■ P-^ 

P = hu{m)hu, 9i^Tkl^-v},_ 
Oo = ;n - ^ • (e,fc • - gu-m ■ ■ ■ u') , 

e.k = efcC , e = 6o-e^ . (27) 

The invariant 9 is the expansion velocity, the invariant 9^ is the torsion-free 
expansion velocity, the invariant 9i is the expansion velocity induced by the torsion, 
the antisymmetric tensor a; is the rotation (vortex) velocity tensor (rotation velocity, 
vortex velocity) , 

LO = hu{ka)hu = hu{s)hu - hu{q)hu ^ S - Q , (28) 

s = i • (w'= • .g"' - • g™*^) • efe A e/ , 
efe A 6/ = i • (gfc ® e; - e; (g) Cfe) , 

'9 — J-mn '9 )-U ■ Ck /\ Cl , , . 

S = hu{s)hu , Q = hu{q)hu ■ 

The antisymmetric tensor S is the torsion-free rotation (vortex) velocity tensor, 
and the antisymmetric tensor Q is the rotation (vortex) velocity tensor induced by 
the torsion. 

By means of the expressions for a, lu and 9 the deformation velocity tensor can 
be written in two parts 
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d = do — di , 

do = sE + S+^-9o-K , (31) 
di = sP + Q + ■ Oi ■ hu , 

where do is the torsion-free deformation velocity tensor and di is the deformation 
velocity tensor induced by the torsion. For the case of l^-spaces di = (s-P = 0, 

Q = o,ei = 0). 

If we use the exphcit form of the tensor ks from ( p3| ) and (^) , we can find the 
relations 

ks = e - m = (e" - m''') • Sfc 9; , 
- m'^' = 1 . [u'^ .„ . g"' + 7.' .„ . g"'^- - (T„„ ■ 5'"' + T„„ ' • 5™'=) • u"] ^32) 

On the other side, 

V„5 = :fc • m'' ■ di.dj , £ug = {£u9'^) ■ d^.dj , 

-[u' ,1 ■ g'^ + .1 ■ g'' -Tik'-u'^- g'' - Ta- ^' • u'^ • 5^'] , 



Therefore, 



;„ • 5"' + ;„ • 5"' - r„„ ■ • 5"' - T„ J • . g'^™ (.33) 



e - m = i • {Vug - £ug) = fcs , (34) 
hu{ks)hu = ^ ■ hu{Vug- £u'g)K ■ 

By the use of the last relations the shear velocity tensor a and the expansion 
velocity invariant 6 can also be written in the form 

o- = • {/iu(V„5 - £ug)hu ^— ■ {Kl^ug - £u'g]) ■ K) = (35) 

2 n — 1 



- l^-{h-k-{9''-,^-n"'-£ug''')-}n^~ (36) 

e ^\-hu [Vug - £u'g] = J - [Vg-M + T{u,g)] = 
= \-h-^-{g'^ ,k-u^ - £ug'') , 

where ^ ^ 

- ■ g[hu{Vug ~ £u'9)K] = - ■ hu[Vu'g - £u'g] ■ (38) 

The main result of the above considerations can be summarized in the following 
proposition: 
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Proposition 1 The covariant vector field g{reiv) — h^iy ui,) can he written in the 
forms: 



= hu{- ■ a - £^u) + a(0 + uj{0 + ■ d ■ hu{0 ■ 

e n — 1 

The physical interpretation of the velocity tensors d, a, lo and of the invariant 
B for the case of V4-spaces 0, , |^ , can also be extended for (£4, g)-spaces (see 
Fig. 1). In this case the torsion plays an equivalent role in the velocity tensors 
as the covariant derivative. It is easy to see that the existence of some kinematic 
characteristics (sP, Q, 6*1) depends on the existence of the torsion tensor field. They 
vanish if it is equal to zero (e.g. in y„-spaces). On the other side, the kinematic 
characteristics induced by the torsion can compensate the result of the action of 
the torsion-free kinematic characteristics. For d = 0, cr = 0, w = 0, 6* = we 
could have the relations do = di, sE = ^P^ S = Q, 6q = 9i respectively leading to 
vanishing the relative velocity reiv under the additional conditions g{u,£^) = / = 
and £^u — 0. 

The condition £jm = = u] for the contravariant vector fields ^ and u 
induces a family of two dimensional sub manifolds of M . On these sub manifolds, 
one can choose the parameters of the integral curves of the two vector fields ^ and 
u as co-ordinates. This statement could be easily proved by the use of the relation 

[c,^.] = (^•w^.-u^•e^^)••9, = o. (39) 

For a two parametric congruence of curves (not intersecting curves) in M 

x' = x\\t) (40) 

with 

the integrability condition for the co-ordinates a;' along A and t follows in the form 

The last expression leads to a solution of the equations for a;^(r, A) 

dx' = — ■dX+ — -dr = C ■ dX + u' ■ dr . (43) 

A one to one correspondence could be established between two of the co-ordinates 
x^ (for instance, for i = 1, 2) and the parameters A and r on the basis of the relations 

x"'~(A,t), x"~(x\x2), x"' = x"' {x") , x'' = x''{x''') , 

dx" = ^ • dx" , dx" dx" . (44) 

dx°- dx"- ^ ' 
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2.2 Physical interpretation of the notion of relative velocity 
2.2.1 Acceleration 

Let us now consider the change of the velocity u during the motion of a material 
point from the point P with co-ordinates ^'(tojAq) to the point Pi with the co- 
ordinates x^{tq + dr, Ag). If we wish to express u{tq + dT, Ag) by means of u{tq, Aq) 
we could use the exponent exp[dT • V„)] of the covariant differential operator V„ = 
D/dr with u = d/dr 

, (Du\ 1 , 2 {D'^u\ 

= + * • j ^^^^^^^ ^m -'^ An^) + ■ ■ ■ • C^' 

Up to the first order of dr we have 

fDu\ 



W(ro+dr,Ag) = "(ro.Ag) + ' ( J . . " ^^^^ 



Therefore, the change of the velocity u from the point P with x^{tq, Aq) to the 
point Pi with a;*(ro -|- dT, Ag) is 

W(ro+dr,Ag) " «(ro,A») = ' ( ^ ) • (47) 



The covariant derivative 



(Du\ W(T.o+dT,Ag) - -"(ro.Ag) 

irf^j, = (^"^ WS) - «(ro,Ag) =iim ^- ^ , (48) 

with u = d/dT = • di and a = Vt,M, can be interpreted as the acceleration a of a 
material point at the point P with a;'(ro, Ag) of the curve a;'(r, Ag = const.). 

In analogous way, the acceleration of a material point during its motion (trans- 
port) along a curve x'^{to = const., A") could be found in the form 

a)±\ _ fyj^ t, , ^ — Urv, Ma)-L(To,Ag+ciA°) ?(a)-L(To,Ag) 



(49) 

where C(o)-L = d/dX"". The last expression shows the difference between the velocities 
along a curve x*(to = const.. A") at the two different points P2 with x'^(tq, Ag +dX"-) 
and P with a:;*(To, Ag). Usually, the velocity u is interpreted as the velocity of the 
material points (elements) in the flow. The set of vectors ^^^j (a = l,...,n — 1) 
determines a cross-section of a flow in a neighborhood of a given point. Since 
^?(o)±^(o)-L ^^^^ curvature vector of the curve x*(ro,A'*), it could be inter- 

preted as a measure for the deviation of an infinitesimal cross-section of the flow 
with Vj(^)j^^(a)_L 7^ , orthogonal to u, from an auto-parallel (constructed by auto- 
parallel lines of ^(a)_L) infinitesimal cross-section with V{(^)j^^(a)_L = 0, orthogonal 
to u. 

On the other side, we can consider 

(a) the change of the vector C(o)_l along the curve a;*(r, Ag = const.) and 

(b) the change of the vector u along the curve x*(to = const., A"). 

2.2.2 Relative velocity 

(a) In the first case, 

(B^) =(V„^(„h), ,„,=lim ^(^)Mro+^r,XS)-^ia)±iro,K) (gg) 



8 



The vector '\/u^{a)± has two components with respect to the vector u: one 
colUnear to u and one orthogonal to u, i.e. 

= V„^(a)_L = — • W + r-ei^^(a) , (51) 

~la ■■ = g{u,'Vu£.{a)±) , e = g{u,u)^0 

9{u,relV<^a)) = 0, relV(a) = 9[K{^ ui(a) ±)] = 9[hu{ )] • 

The set of the infinitesimal vectors {^(a)^} determines a tangential subspace at 
the point x^{to, Aq), orthogonal to the vector u. This subspace intersect the flow in 
such a way that a flat cross-section appears, orthogonal to u . All material points 
(elements) of the flow lying at this cross-section have one and the same proper time 
To (if T is interpreted as proper time). The vector C(a)_L was interpreted as the 
velocity along the line a;*(ro, A°). If we consider instead of C(a)± the infinitesimal 
vector C(o)-L •= dX"' ■^(^a)± (there is no summation over a) then the fiat cross-section 
coincides with the cross-section determined by the points {x*(to, Ag -I- (iA"), a = 
l,...,n — 1}. The infinitesimal vectors C(a)-L' ~ — 1, are equal to the 

difference between the co-ordinates of the point P with x'(to,Ao) and the points 
with co-ordinates .T'(ro, Aq + rfA", a = 1, ...,n— 1). The change of the vectors C(a)_Li 
determined by the parts g[hu{'^ uS,(a)±)] orthogonal to u and lying at the fiat cross- 
section [when it moves along the curve a;'(r, Ag)], is described by 

(-'^(«))(.o,Ag) = {aKi^Aa)!.)]) = (aKi^^)]) • (52) 



(to -^g) 



Therefore, we can interpret the vector rei'>'{a){Ta.\l',) relative velocity veetor 

or relative velocity of material points with co-ordinates .x*(ro, Aq + rfA") with respect 
to the point with co-ordinates x*(ro, Ag). Let us now determine the relation between 
reiv and the total velocity totaiv defined at the point P with x^{to, Ag) as 

xHro + dr,Ag + c^A°)-a;'(To,Ag) 

totalV'(a)(n„AS) :=^flm — . (53) 

Since up to the second order of dr and dX°- we have 
x\to + dT, Ag + dA°) = x'iro + dr, Ag) + dA» • ( ^ 

/ (ro+dr.Ag) 
X*(to + dr, Ag) +1 ia)±ir„+dr,XS) 



+ dT 



( dx' \ 

x'(ro,Ag) + dr. — +C(V(ro,Ag) + 

^ ^ (to, AS) 



dr 



(ro.Ag) 



x\ro,X^,)+u\ro,K)+Cla)±M)+dT- \ I , (54) 



(To.Ag) 



we can express the last term in the last relation as 



— = ^ • m' + reiV(„) , Ta := g{u, V„^(„)_l) , ^(u, relV{a)) = • (55) 
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Therefore, 

toia/'f (to, AJ}) 



lim 

dT^O 



x'{To + dT, A;J +r/A" )-.(;'■ (ro,Ag) 



(1 + 7^"* 



dT 



(ro.Ag) + rei'?^(a)(-ro,Ag) 



^=0 
dr 



(56) 



or for every point at a curve a;'(r, A") C M the local total velocity is 



totalV{a) = (1 + — ) • M + relV(a) 



(57) 



and the local relative velocity rei'V(a) of the material point (element) in a flow is 



relV(a) = totalV{a) - (1 + ^) • M • 



(58) 



To find a more exact physical explanation of the structure of the relative velocity 
vector refi' we should consider now the length of a vector field, expressed by the 
use of kinematic characteristics of a flow. In the further consideration we use the 
vector u £ T{M) instead of the vector u = dr -u £ T{M) as an infinitesimal vector 
at a curve x^{t, Ag) identified with a line segment of the curve. 

2.3 Length of a vector field, expressed by the use of the 
kinematic chciracteristics of a fiow 

Let us now consider the change of the length of a vector C(a)_L {a — 1, ...,n — 1) 
transported from point P with co-ordinates a;*(To,Ao) to the point Pi with co- 
ordinates x^{to + dr, Xq). The length of the vector C(a)-L is defined as 



At the point P with x^{tq, Aq) the vector C(a)-L will have the length 



[5(C(a)±, C(a)_L)] (^„_;^a) - [9i] ■ £,la)± ' C(a)_L 



(T-o,Ag) 



± 



/2 



(fo.Ag) 



(59) 



(60) 



At the point Pi with x^{to + dr, Ag) the vector will have the length 

'd[g{^(a)±,^{a)±)] 



[S'(^(a)_L,^(a)_L)] 



(ro+dr,Ag) 



[ff(€(a)_L,'C(a 



^^'^ (T-o,Ag) 



+dT- 



dT 



Since 



dT 



dT 



= V„[5(^(a)_L,^(a)_L)] 



(-ro,>>Q) 

(61) 



(62) 



we can represent the last expression by the use of the kinematic characteristics of 
the relative velocity. 



D[g{i(a)±,iia)±)] 



dT 



= ^u[g{C(a)±,^ia)±)] = (V„5()(C(a)_L, C(a)_L) + 2 • fif(C(a)_L, '^u^{a)±) = 



(63) 
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The vector V„^(a)j_ could be represented in the form 

„ ^ 5(V„^(a)_L,M) ^ _L fR4\ 

Vu?(a)_L = 7 N U + relV(a) = — ■U + relV(a) , (64) 

g[u,u) e 

where 

relV(a) = ffM(C(a)±] • (65) 

The tensor d with d{u) = {u){d) = is the deformation velocity tensor. The 
relative velocity between the material points of the flow is related to the deformation 
of a cross-section of the flow (determined by {^(a) • a = 1)'"">^~1} along a line of 
the flow with tangent vector u. 

The covariant derivative of g{^(^a)J-j^(a)±) (identical to the ordinary derivative) 
along the vector u could be written now as 

= (V„3)(4(a)_L,4(a)_L) + 2 •3(^(a)_L, — •■"+ rei?^(a)) = 

= (V„fl()(C(a)±, C(a)±) + 2 ■ ^ • 9{^(a)^,u) + 2 • 5(^(o)±,re; V(^4^Q) 

Since g{i(a)^,u) = 0, the second term at the right side vanishes and we have 

D[g{^(a)±,i(a)± 



dT 



= (V„Sf)(C(o)±, C(a)±) + 2 • g{^{a)±,rel «(«)) • (67) 



Let us now represent Vud by means of the projective metric /i„ corresponding 
to the vector field u. 

2.3.1 Representation of Vug by means of the projective metric hu 

Since /i„ = g — (1/e) • g{u) (g) g{u), the following relations can be found: 

V„5 = 9^){^u9){g)g = {h'u + ^ • g{u) <^ g{u)j ig){Vug){g)g = 
= K{g){V ug){9)g + ^ ■ 9{u) <8) u{Vug){g)g = 
= hu{g){Vug){g) (^^^^ + ^ " 9{u) ® g{u)j + 

+- ■ 9{u) O u{Vug){g) (hu + -- g{u) O g{u) 

e \ e 

= hu{g){Vug){g)hu + - ■ hu{g){Vug){u) g{u) + 
e 

+- • g{u) u{Vu9){9){hu) + ^ ■ (V„ff)(u, u) ■ g{u) O g{u) , (68) 
e 



where 



5(u)5 = u , hu{g){Vug){u) = {u){V ug){g)hu , 
(w)(V„fif)(u) = (V„fif)(u,u) . 



Therefore, 



Vug = hu{g){V ug){g)K 



+\ ■ [hu{g){Vug){u) (B) g{u) + g{u) (g) hu{g){Vug){u)] + 

+4 • (V«5)(«, u) ■ g{u) ® g{u) . (69) 
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2.3.2 Explicit form of the change of the length of the vector fields ^(a)_L 

If we use the relations 

9{^u9)g = -^u9 , (5'WOfi'W)(C(a)±,C(a)±) =0 , 

{K{9){^ug){u) O g{u)) (^(„)_L, C(a)_L) 

= (/i«(5)(V„5)("))(e(a)±)-.9Ke(a)i)=0 , (70) 
{g{u) ® hu{g){V ug){u)) (C(a)±, C(a)±) 

= 9{U, C(a)±) • {hu{g)iy ug)(u)) (?(a)i) = , 

wc can find some useful expressions leading to the explicit form of the change of the 
length of the vector fields ^(a)_L- 

For (V„5)(^(„)_L,$(a)±), we obtain 

(V„5)(?(a)_L,C(a)_L) = (/l«(5)(V„ff)(5)/l„) (C(a)_L, '?(a)_L) = 

= - (/l«(V„5)/l«)(^(a)±,^(a)±) • (71) 

On the other side, 

9 [hu{"^u9)hu] = g'^ ■ hik ■ g^^ -n ■ ■ hij = 

— y 'I'lk 9 -n « ri-ij — 
= ■ g'^ ■ hji ■ g'^' ;„•«" = 

= {hu{g)hu)[Vug] , (72) 

[9{u)]9 = 9[9{u)]=u , hu{g)hu = 9{9)hu = hu , 
9[hu{'^u9)hu] = K[Vu9] = hj.-g'^ .n-W" . (73) 

It follows now for (V„5)(^(a)_L, C(a)±) 
(V„5f)(^(a)±, C(a)±) = -[/lu(V„5)/l„ - • (/l„[V„5]) • (C(a)± , C(a)±) " 

~^;^-^hu[yu9])-K{^(a)^,^(a)l.) ■ (74) 

After introducing the abbreviations: 

vo- : =]:■ [hu{Vug)hu ^— ■ {hu\^ug]) ■ K] , (75) 

2 n — I 

vO : =l-hu[Vu9] , (76) 
we obtain for {'Vu9){i{a)±,^ia)i.) 

2 

(V„5)(^(a)_L,C(a)_L) = "2 ■ V<^i^{a)±A{a)±) " 'V ^ ' 'i«('?(a)_L: ■?(a)_L) • (77) 

We can now find the explicit form of V„[5(^(o)±, C(a)±)] by the use of the last 

relations 

^[9{^{a)±,^{a)±)] = {'^u9){^(a)±,^(a)±) + ^-9{^{a)±,relV(a)) = 

2 

+2- 9{^{a)J-,relV(a)) ■ (78) 
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On the other side, 

= 9T] ■ g''' ■ • d-i ■ ^|,)^ = 

= d-jTi ■ ^la)± ■ ?(a)J. = ^(C(a)J_' C(a)J_) ■ (^9) 

Therefore, 

D 2 

+2-rf(^(V'^(au) • (80) 
The deformation velocity tensor d could be given in its explicit form as 

d = tj + H d ■ hu , (81) 

n — 1 

where 

o- = ^ ■ {hu{Vug)hu - hu{£u'g)hu - 

^■{hu[^u9])-K + ^—-{hu[£u'g])-hu} , (82) 

71 — 1 ?1 — 1 

9 = ^-K[Vug]-^-K[£ug] ■ (83) 
If we introduce the abbreviations 

£cr = \-{hu{£ug)hu ^— ■ {hu[£ utl) ■ K] , (84) 

2 n — 1 

£0 = ^-^ui-fn^] , (85) 

it follows for the shear velocity tensor a and for the expansion velocity invariant 9 
the expressions 

a=^a-£C7 , e=vO-£e . (86) 
Then we obtain the deformation velocity tensor d in the form 

d^ v<J- £<^ + ^ + ^—r-{vO- £9)-hu , (87) 

71 — 1 

and '^u[g{^(a)±A{a}±)] could be written in the form 

-J^[g{£.{a)±,^{a)±)] = -^[gi^{a)±,C{a)±)] ^ 

2 

= -2 ■ vO'(^(Q)_L,C(a)±) - Y • • 'ln(f(a)_L:C(a)±) + 

+ 2 -v Cr{£,(^a)±,£,(a)±) - 2 • £(j{£,(a)±,£,{a)±) + 

2 

+ 2 • ^^(C(a)±, ^(a)±) + ^_ I • V^* • huiS,{a)±,S.{a)l^) - 

2 

7 • £9 ■ hu{^la)±i^(a)±) 

n — 1 ^ ' ^ ' 

£[5(e(a)X,e(a)±)] = -2-U'<^(C(aU,e(a)±) + ^^- £ ^ " (^(a)^ , ^(a)^ )] (38) 
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wherea;(^(„)_L,^(a)_L) =0. Therefore, the change of the square ±Z|_^^^ = 9{^{a)±,^{a)±) = 

ffi] ' ^(a)± ' ^(a)_L °^ ^^'^ length along the curve x'^{t, Ag) is depending only on 

the shear and expansion velocity induced by the dragging along u and not on the 
transport along u. 

Now wc can determine the difference between the length of the vector C(a)± at 
the point Pi with x^{tq + dr, Ag) and the length of the vector ^(o)_l at the point P 
with a;'(ro, Ag): 



-2-dT 



(89) 



Since hu{^(a)±,^{a)±) = 9{C{a)±,^ia)±), we obtain 



2-dT 



[5(C(a)±, C(a)±)] (^„+d^,Ag) = (1 ~ • • [5(C(a)±, ^(a)±)] (^„_;,a) 



(90) 



-^[9{^{a)J.,^(a)±)] 



("ro.Ag) 



X^i'? ^ • {[5(C(a)±,e(a)±)](^„+d^,;,a) " [^(^(a)^, ^(a)±)] (^„,Ag) } = 



= -2 ■ 



i;C^(^(a)_L,'?(o)_L) + ^ _ • £0 ■ 9{^{a)±,^(a)±) 



If we introduce the set of unit vectors {n(a)} {a= l,...,n— 1) 



«(o) = 



^(«)-L 



9{n{a),n{a)) 



'5(C(a)_L,^(a)_L) = ±1 



(91) 



(92) 



then 
Dlj 
dr 



dll 
dr 



1 '^i^ 



1 dl^,a)± 



n-1 



(93) 



k(a)± dr 



= -2- 
= -2- 

1 c'^CCaJi 



££7(n(„),n(„)) + ——J ■ £6- 9{n(a),'H(a)) 



n-1 



i;cr(n(a),n(a)) ± 



n-1 



(94) 



(95) 



The invariant £0 is called expansion velocity induced by the Lie differential oper- 
ator £u acting on the contravariant metric 'g. The invariant v^* is called expansion 
velocity induced by the covariant differential operator V„ acting on g. It follows 
from the last two expressions that the length of the vector C{a)± does not depend on 
v^. The invariant = -^9 — £9 is called expansion velocity. This notion is related 
to the fact that the change of the invariant volume element du along a given vector 
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field u after a transport or a dragging along u could be expressed by means of 
and £9 respectively. For V„((iw) and £u{duj) we have 

V„(cL;) = ^ • g[Vug] ■ , £u{duj) = ^ • g[£ug] ■ dw . (96) 

On the other side, if we use the relations 

V„5 = -9{^ug)g , 
gM^ugm = 5[v„<7] , (97) 
{g{u)iE)g{u))[g{Wug)g] = {Vug){u,u) , 

we can find the expression for ^9 in the form 

v9 = Y f^ui'^y-d] = ~\' hu[g{'^ug)g] = 

= • VNug] + ^ • (Vug^u, u) , (98) 

and therefore, 

I ■ 5[V„5] = • (V„5)(", - ^9] . (99) 
It follows for the change V„((ij) of the invariant volume element dco 

V„(cL;) = ^ • g[Vug] ■ dw = 

= [-v9+-^-{Vug){u,u)]-du . (100) 
2 • e 

Special case: (Pscudo) Ricmannian spaces with or without torsion (f/„ or V^- 
spaces): metric transport V^^g := 0. 

Vuiduj) = -^9-duj = . (101) 

This means that the invariant volume clement cLu docs not change under a 
transport of dw along u in (pseudo) Ricmannian spaces with or without torsion. 
This result follows directly from Vu{duj) = (1/2) • g['Vug] ■ dw. 

In an analogous way, for the expansion velocity £9 induced by the Lie differential 
operator the relations are valid: 

£0 = ^■hu[£ug] = -^-hy,[g{£ug)g] = 

= • 9[£ug] + ^ • i£ug){u, u) , (102) 

£u{dw) = i • g[£ug\ ■ dw = 

= [-£9+-^-i£ug){u,u)]-duj . (103) 

If we use further the explicit form of £ug for spaces with afiine connections and 
metrics 

£ug = {£ugij) ■ dx\dx^ = 

= [gij;k ■ u'' + gkj -v!^ -1+ gik ■u'' ■j + 

+{9kj-Tu'^ + gik-Tij^)-u^]-dx\dx^ , (104) 
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and the relation 

{£u9){u,u) =Vu[9{u,u)] = ue , (105) 

we obtain 

l-9[£u9] = + (106) 

1 HP 

£u{duj) = -.g[£^g].du = {-£e+j-ydu . (107) 

For a normalized vector field u with e = const, and therefore, ue = 0, it follows 

XuidLj) = - £6- dto . (108) 

The last expression leads to the interpretation of £0 as expansion velocity in- 
duced by the Lie differential operator on the covariant metric tensor g. In other 
words, £0 is the expansion velocity induced by a dragging of du along a vector field 
u. 

Since 

V„(cL;) - £u{du)) = • g[Vug] - ^ • g[£u9]} ■ du = 
= {^■9['^u9-£ug]}-dui = 

1 1i€- 

= [-v0+7^-{^u9){u,u)+ £0-—]-du) = 

= {£0- vO+^-[{Vug){u,u)-ue]}.dw = 

= {-0+T^-[{'7u9){u,u)-ue]}.diO (109) 
2 • e 



and 



(V„5()(u,u) - ue = {Vu9){u,u) -Vu[g{u,u)] = 

= -2-fl(w, V„w) = -2-s((u,a) , V„u = a , (110) 

it follows that 

VJduj) - £uidco) = -[0+ - ■ g(u,a)] ■ du) . (Ill) 

e 

If the vector field u is an auto-parallel vector field (V^m = a = 0), then 

\/u{dLo) - £u{dLo) = -e-dui . (112) 

Therefore, the expansion velocity determines the difference between the change 
of the invariant volume element div after a transport along an auto-parallel curve 
and a dragging along the vector field u. 

The trace-free symmetric tensor field <j is called shear velocity tensor (shear 
velocity, shear) 

<J=^a-£a , g[<y]=Q , g[va]=0 , gUa] = . (113) 

The tensor field v''' is called shear velocity induced by a transport along the 
vector field u, £a is called shear velocity induced by a dragging along u. The 
change of the length of the vector ^(o)_l along a curve x*(t, Aq) is determined only 
by £(T and not by ^a. The shear velocity tensor x'O" determines the change of 
the length of the vector C(a)_L together with the expansion velocity £0. The shear 
velocity £a does not contain the part, responding for the change of the invariant 
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volume element. This is because £a is constructed by a tensor, which trace £6, 
determining the change of the invariant volume element dw, is substracted from 
it. Thus the shear velocity tensor does not change a volume in a space with afEne 
connections and metrics. It generates a volume-preserving shape deformation. This 
means that a sphere could be deformed to an ellipsoid under keeping its volume if 

We can now resume, that the expansion velocity and the shear velocity have 
their corresponding physical meaning in the continuum media mechanics in spaces 
with afiine connections and metrics. 

The tensor field lo, with iv(u) = —{u){ijj) = 0, is called rotation (vortex) velocity 
tensor (rotation velocity, rotation, vortex). It does not change the length of a vector 
field C(a)j- and therefore, it changes only the direction of ^(a)_L causing its rotation 
[^{^(a)\^]^ with (w)(w(^(o)_l) = 0, in the n — 1 dimensional subspace, orthogonal to 
the vector u. 

2.4 Relative velocity and contraveiriant vector fields 

The kinematic characteristics related to the notion of relative velocity can be used 

in finding out their influence on the rate of change of the length of a contravariant 
vector field as well as the rate of change of the cosine between two contravariant 
vector fields. 

2.4.1 Relative velocity and change of the length of a contravciriant vec- 
tor field 

Let we now consider the influence of the kinematic characteristics related to the 
relative velocity upon the change of the length of a contravariant vector field. 

Let = I g{S,,C) \^ be the length of a contravariant vector field ^. The rate of 
change ttZj of along a contravariant vector field u can be expressed in the form 
± 2 • ?j • {ul^) = (V„5()(^, ^) + 2 • 5((V„^, ^). By the use of the projections of ^ and 
along and orthogonal to u (see the section about kinematic characteristics and 
relative velocity) we can find the relations 

2 • .9(V„e, = 2 • I • ff(V„C, u) + 2- gireiv, e±) , 
(V„,9)(e,0 = (V„.g)(ei,a) + 2- f • (V„5)(a,«) + ^ ■ (V„5)(«,«) • 

Then, it follows for ± 2 • I j • {ul^} the expression 

where ^ 

9ireiv,^±) = - ■ hu{a,^±) +hu{£u£,,i±) + d{^±,i±) , (115) 
e 

d{u,u = C7{a,u) + ■ e ■ . (116) 

n — I ^ 

For finding out the last two expressions the following relations have been used: 

g{g{hu)a,^±) = hu{a,S,i_) , g{g{hu)i£uS.)^S,±) = /i«(^«^,^_l) , (117) 
gigidiOlC^) = , d{0 = d{U) . (118) 

Special case: g{u,^) = / := : ^ = 

± 2 ■ ■ i^kJ = i^ug){U,U) + 2 ■ gireiv,U) ■ (119) 
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Special case: V^-spaces: = for V?7 e T{M) {gij-k = 0), g{u,^) = I := : 

€ = a- 

± li^-iuliJ=g{reiv,U) ■ (120) 

In (L„, g)-spaces as well as in (L„, (7)-spaces the covariant derivative V„5 of the 
metric tensor field g along u can be decomposed in its trace free part *V„5 and its 
trace part ^ • Qm • as 

V„5f = *V„5 + - ■ Q„ -5 , dimM = n, 

n 

where 

5[''V„5(] = , = g[Vug] = g^^ ■ gki-j ■ = Qj ■ w> , Qj = 5*' • gki-j . 

The covariant vector Q = ^ ■ Q — ^ ■ Qj ■ dx^ = i ■ Qa ■ e" is called WeyVs 
covariant vector field. The operator V„ = *V„ + ^ - Qu is called trace free covariant 
operator. 

If we use now the decomposition of Vug in the expression for ± 2 • ■ {ul^) we 
find the relation 

±2-k- {uk) = {'Vu9){i: ± i • Q„ • ;| + 2 • g{Vui, = 

= (^v„ff)(a,a)+ 

+1 • [2 • eV„5)(e±,«) + 2 • 5(V„^,«) + i ■ {'Vug){u,u)]+ ^^^^> 
+ 1 • g„ • (± + ^) + 2 • g{reiv, U) , 

where ± = fif(^_L, / = g{^, u). 
For Z{ ^ : 

z • <j z ■ n 

In the case of a parallel transport (V„^ = 0) of ^ along u the change uZj of the 
length is 

= ±tV • ('V„5)(^, + • Q« • ^« ■ (123) 
Special case: = and ^Vug = 0. 

ul^ = -^-Q^-l^ . (124) 

If u = ^ = • c^i = {dx^/ds) ■ di, then 

1^(5 + ds) « Zc(s) + ^-ds = /5(s) + ^-Q„(s)-/Js)-ds = 

= (1 + • Q«(s) • ds) ■ l^is) = A„(s) • l^{s) , 

A„(s) = l + -^-Qu{s)-ds , (125) 
2 • n 

^ = limMi±^LlM£)=+J_.Q„(,).,^(,) (126) 

Therefore, the rate of change of l^ along u is linear to ij. 
Special case: g(u,£,) = I := : = S,±. 

±2 ■ l^^ ■ {ukJ = («V„5)(a,a) ± ^ ■ Q„ • + 2 • g{reiv,a) ■ 
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Uk^ = ±77^i'^ug){U,U) + 7^-Qu-k^±^-g{relV,U) , ■ (127) 

Special case: Quasi-metric transports: Vug '■= 2 • g{u,r]) ■ g, u, rj € T[M). 

P I 

±2-1^- (uk) = 2 • g{u, rf) • (± + -) + 2 • [- • 5(V„^, u) + g{reiv, U)] . (128) 

2.4.2 Relative velocity and change of the cosine between two contravciri- 
ant vector fields 

The cosine between two contravariant vector fields ^ and r] has been defined as 
9{^jV) = h ' ' cos(5,77). The rate of change of the cosine along a contravariant 
vector field u can be found in the form 

•Z^-{w[cos(^,r;)]} = (V„5)(e,?7)+5(V„5,^)+3(?,V„?7)- .^^g) 
-[Ir,- {ul^) {ul^)]- cos{£,,ri) . 

Special case: = 0, V„77 = 0, '^Vug = 0. 

k-lr,- {w[cos(^, r])]} = ^-Qu- g{^, rj) - [Ir, ■ {ul{) + k ■ {ulr,)] ■ cos(^, r?) . 
Since rj) = 1^ ■ Ir, • cos(^, rj), it follows from the last relation 

k-lri- {W[C0S(^, v)]} = {^-Qu-k-lr,-[lr,- {ul^) + k ' {ulr))]} ' COs(^, 7]) . 

Therefore, if cos(^, ??) = between two parallel transported along u vector fields ^ 
and 77, then the right angle between them [determined by the condition cos(^, 77) = 0] 
does not change along the contravariant vector field u. In the cases, when cos(^, rf) ^ 
0, the rate of change of the cosine of the angle between two vector fields ^ and 77 is 
linear to cos(^, rj). 

By the use of the definitions and the relations: 

relVi :=5[^„(V„0] = relV , relVr, ■-= g[hu{V utl)] , (130) 

5(V„C, V) = y 9{u, v) ■ 5(V„C, u) + g{reivc,v) , ^g^N 
gC^uV, 0= e' 9{u, ■ 5(V„r?, u) + g{relVn,0 > 

{'7ugm,v) = {''7ugm,v) + l-Qu-g{^,v) , (132) 



(133) 



i'^ugmri) = (^V„5)(a,r?±) + i ■ {'VugKu,v±) + i ■ (^V„ff)(a,«)^ 
+i- i- {^'^ug){u,u) , l = g{u,r]), r]±=g[hu{r])] , l = g{u,^), 

(V„ff)(^, v) = {'^ugM, v) + Ti-Qu- 5(e, V) = 
= (^V„5)(a,??±) + i ■ (^V„ff)(w,?7±) + i ■ {'Vug){U,u)+ (134) 

H--e- i''^ug){u,u) + ^-Qu- ['i+g{U,v±)] , 

the expression of ^-l^- {u[cos(^, rj)]} follows in the form 

k-ln- {w[cos(C,r?)]} = (^V„5)(a,^±) + ^ • [(^V„5)(w,7?±) +5(V„r?,u)]+ 

+\ ■ [{'^ug){U,u) + g(V„C, ")] + ^ • (^V„g)(7i, u)+ 

+ ^-Qu- It + 9{(.±,Vl-)] + girelV^,!]) + girelVr,,^- 
-[Itj ■ (uk) + k ■ {uQ] ■ C0S(^, Tj) . 

(135) 
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Special case: g(u,£^) = / := 0, g{u,r]) — I := : = -q = 
k± • • {'"[cos(C_L,?7±)]} = ('V„5)(^i,r]_L) + 7^ • Qu • lu ' ' cos(^^,?7^)+ 

(136) 

where = • • cos(^j^, yyj^). 

The kinematic characteristics related to the relative velocity and used in consid- 
erations of the rate of change of the length of a contravariant vector field as well as 
the change of the angle between two contravariant vector fields could also be useful 
for description of the motion of physical systems in (L„, (7)-spaces. 



2.5 Expansion velocity and variation of the invariant volume 
element 

From the explicit form of the expansion velocity 6 

= \ ■ {g{£ug\ - -g\^ug\ + { ■ ug){u, u)-{- {£ug){u, u)] , ^'^'^ 

where 

[g{u)(^g{u)][Vug] = -(V„g)(u,M) , (138) 

[g{u) (g) g{u)][£uV] ^ ~{£ug){u,u) , (139) 

one can draw the conclusion that the variation of the invariant volume element duj 
1^ is connected with the expansion velocity 9. From 

Vuidoj) = i • g[\7^g] ■ duj , £^{du}) = ^ • 'g[£ug\ ■ duj 



and (137) the following relations are fulfilled 

e-du^ £u{duj) - Vu{duj) + ■ [(Vug)(u, u) - {£u9){u, u)] ■ duj , (140) 

2 ■ e 

£u{duj) - Vuiduj) = I • g[£ug ~ V^g] ■ duj = , . 

= [0 + j^-i£^g-V^g)iu,u)]-du, ^ > 

£u{duj) ^[^■"'?] + i~ ■ ("^-^^ ~ V„ff)(«, «)] ■ duj , (142) 

Vu{dio) ^[-e+y g[£ug] + ^ • (V,5 - £ug){u, u)] ■ duj , (143) 



where 



J ■ gNug] = I ■ hu[Vug] - • (V„.g)(M, u) = (144) 
2 2 2 ■ e 

= + ^ • K[£^^] - ^ • (V,5)(u, u) , (145) 

V„(dw) = i • g[V„g] • dcj = -i • g[^ug] ■ duj = 

= ii-e ■ (yugKu^u) ~ \ ■ /i„[V„5]} • - (146) 
= {-Q - \ ■ hu{£u'g\ + 2^ • iS7ug){u, u)} ■ duj . 



Special case: Metric transports (V„.g = 0): 

^ -7; ■ K[£u'g] = ^ • {'g[£ug] ~ - ■ {£ug){u, u)}, 



(147) 



2 --"^-"^J 2 

Vuidio) = 0, (148) 
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£^idLu) = [e + -^- {£ug){u, u)] ■ duo . (149) 
2 ■ e 

If the additional condition g{u,u) ~ e = const, is fulfilled, then £u[g{u, u)] = 
— {£ug){u, u) and 

£u{duj) — 9 ■ duj . 

Special case: Metric transports (V„.g = 0) and isometric draggings-along (mo- 
tions) {£ug = 0): 

e = Q ,Vu{duo) = , £u{duj) ^ . (150) 

At the same time, 

£u{duj) = I ■'g[£ug\ ■ duj ^ ■ g[£u'g] ■ duj = 

= ■ {£ug){u, u) - ^ ■ K[£u'g]} ■ duj = (151) 

= {6* - i • /i„[V„g] + 2^ • {£ug){u, u)} ■ duj . 
After introducing the abbreviations 

i^u^l' g[£ug] , = I ■ , (152) 

rOu = TT— ■ {£ug -'^ug){u,u) , (153) 
2 ■ e 

9, V„((iti;), £u{duj) and £ug — ^ug can be written in the form 

9 ^ l9u — cfiu — r9u , (154) 

Vuiduj) = c9u ■ duj ^ {-9 + i9u - r9u) ■ duj , (155) 

£u{duj) = i9u ■ duj = {9 + c9u + r9u) ■ du , (156) 

£i,{duj) - Vu{duo) = (;6'„ - c9u) ■ duo . (157) 

The variation of the invariant volume element along a contravariant vector field, 
orthogonal to the contravariant vector field u can be found by means of the projec- 
tions of a contravariant vector field ^ along u 

^ = - • w + a , V,. = - • v„ + , 

e e 

V^{duo)^^--Vu{duo) + V^^{dio) , (158) 
V^Adu) = yg[V^^g]-duj. (159) 



By means of the relations (146) and ( |151| ) the following propositions can be 
proved: 

Proposition 2 The necessary and sufficient condition for the existence of the co- 
variant derivative Vuidiv) of the invariant volume element duo in the form 

V u{duo) = -9 ■ duj (160) 

is the condition ^ 

hu[£u'g] = - • [Vug){u, u) . (161) 
e 
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Proof: 1. Sufficiency. From (i61) and ([l_4 
Vuidu;) = {- 

it follows 



i • hu[£ug] + ^ • {Vug){u, u)} ■ duj , 



2. Necessity. From (i60) and (vAm, it follows 



{-hu[£ug] H {\7ug){u, u)} ■ duo = , 

e 



from where, for du ^ 0, (161) follows. 

Proposition 3 The necessary and sufficient condition for the existence of the Lie 
derivative £u{duj) of the invariant volume element duj in the form 



is the condition 



£u{dLo) = 6 ■ du; 
1 



{£ug){u,u) 



(162) 
(163) 



Proof: 1. Sufficiency. From (163) and (|151|) 



£u{duj) = {9 - — ■ hu[Vug] 



2 ■ e 



{£ug){u, u)} ■ duj 



it follows 



£u{duj) = 6 ■ duj 



2. Necessity. From (162) and ( |15lD , it follows 

{-/iu[V„g] + - ■ {£ug){u, u)} ■ duj ^ 



from where, for duj 0, (|163|) follows. 

Special case: Quasi-projective non-metric transports 

V„.9 = 5 • [p g{u) + g{u) (K) p] , 
V«g =^-{v'S)u + u'S)v) , V = -g{p) , 

/^«[V„5] =0 , 
(V„5)(u,u) = e ■p(u) , e = g{u,u)^Q, 

Vu{duj) = 77 ■ p{u) ■ duj = - — • (V„g)(u, u) • du; 
2 Z ■ e 



£u{dLo) = [e 



2 ■ e 



(£ug){u, u)] ■ duj 



(164) 
(165) 

(166) 
(167) 



The variation of the invariant volume element and its preservation is connected 
with the structures of a Lagrangian theory of tensor fields over (L„, (7)-spaces [?]. 



2.6 Rotation (vortex) velocity 

The tensor lo is called rotation (vortex) velocity tensor (rotation velocity, vortex 
velocity, rotation, vortex). It does not change the length of a vector field and, 
therefore, uj changes only the direction of causing its rotation in the n— 1 dimen- 
sional sub space, orthogonal to u [because of the relation [w(^_l)](m) = {u){ijo){S^±_) = 
^{u, f j_) = 0]. By the use of the Levi-Civita symbols or the star operator * we can 
define the corresponding rotation velocity vector. 
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2.6.1 Definition of the rotation (vortex) velocity vector 

For a differentiable manifold M with dimM = 4, a vector uJ corresponding to the 
rotation velocity tensor uj could be defined by the use of to, u, and the Hodge (star) 
operator * 

U := g{* {g{u) Auj)) , ZU = tU' ■ 9, , uj E T{M) . (168) 

Let us find now the explicitly form of the rotation (vortex) velocity vector uj. For 
this purpose, we should write LO,g{u), and 5 in a co-ordinate (or non-co-ordinate) 
basis 

-g = g"^! ■ di.dj , g{u) = g^j: ■ u'^ ■ dx^ , uj = LOij ■ dx^ A dx^ . (169) 
Then g{u) A u will have the form 

g{u) Aoj = gim ■ • Ujk ■ dx' A dx^ A dx'' = 

= o^[ijfe] • dx^ A dx^ A dx'' = , (170) 

aA : =g{u)Au , 

where 

aA[ijk] = It™ • 5m[iWjfc] , (1 71) 

aA = ^[^^■'^l • a, A 9, A Sfc , 
Am] = / • g-'" • • a^[,„„] = (172) 

- g • r -5 -U ■ grllOJmn] ■ 

For dimM = 4, fc = 3, we have 

* {aA) = [* {aA)], -dx' - sf^g ■ Esijk ' ' 9^^ ' 9^^ ' ' 9r[l^mn\ ' dx' , (173) 

_ 1 , , _ 

9rll'^mn\ — ^ " [9rl ' l^mn + 9rn ' '^ml + ^rra ' '^Im + 9rm ' W„( — • a;„m — 9rm ' W„i) — 

= ^ • 2 • ffrr Wtow = 2 • flW • Wto„ , UJlm = -i^ml , (174) 
gil . . gkn . . ^^j^t^^^j = i . . g,^; . . gkn . . ^ 

= \-u'-'^'^, (175) 

* (5(m) a w) = * {aA) = ^ • • Esijk ■ ^^"^ ■ dx' = 

= ^ ■ ^T-dg ■ Sijki ■ ■ w*'' • dx' = cJi ■ dx' , (176) 

18 

= T^- ^f-d'g ■ ^^jki ■ ■ , (177) 
io 

UJ = g{*{g{u)Aij))=g''^-uJm-di = uj'-di, (178) 

Oji = g'^-U}m- = ^-\^g-£mjkr9'^-U^ ■i^''^ ■ 

All further results for oJ are specialized for dimM = 4. 
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2.6.2 Properties of the rotation (vortex) velocity vector 

By the use of the above expressions, we can find some important relations and 
properties of the rotation (vortex) vector. 

1. The rotation (vortex) velocity vector ZJ is orthogonal to the vector u 

giu,Lj)=g^.-u'-uJ^ =0 . (179) 

Proof: 

g{u,LJ) = gjj -u' -ZJ^ = gjj-u' ■ -Ernnki- g^^ -u^ ■oj''^ = 

= ^ • • 9ij ■ -U'-U^- Smnkl ■ w''' = 

J ~r~ _ , .kl 

= J^- V~'^g ' gi -^mnkl-U -U -U) = 

= ^- v^-£™fe;-""-w"-w'^ = . (180) 

2. Representation of the rotation velocity tensor lo by means of the rotation 
velocity vector U. 

We can use the definition of the rotation velocity vector ZJ to express the rotation 
velocity tensor w. From uj = 'g{* {g{u) A uj)) wo obtain 

g{Lj) = * {g{u) Aw), * {g{LJ)) = * (* {g{u) A co)) , (181) 
= e • (-1) • 4 • g{u) A w = 

= -4-e ■ g(u) Au) . (182) 

On the other side the following relations are valid 

(a) S {u, g{u)) = g{u, u) = e. 
Proof: 

S{u,giu)ALo) = S {u, g{u)) A UJ + i-iy ■giu)-Siu,uj) , (183) 
S{u,giu)) = S{u' ■ d^, gn ■ v} ■ dx'') = 

= ■ gu • • S{di, dx^) = u' ■ gu ■ ■ f i = 

= gu ■v!' -vl- = g{u, u) = e , (184) 

(b) S{u,uj) = -cj{u) = («)(w) = 0. 
Proof: 

S{u,uj) = S{u' ■ di,ujM ■ dx^ Adx^) = 

= u'' -ujki-^- S{di, dx'' (g) dx'- - dx'- (g) dx'') = 

= ^-u'-Uki-ifi-dx^ -fi-dx'') = 

= ■ {cJki ■ f t ■ dx^ -uJki- f i- dx'') = 

= ^-W- {uik ■fi-dx''- LOki -fi- dx'') = 

= ^-u'-fi- {u)ik - u)ki) ■ dx'' = -u' -fi- Wki ■ dx'' = 



-IjJkl 



■ ■ dx'' = -uj{u) = {u){(j) = , (185) 
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(c) S{u, g{u) A w) = e • (J. 

(d) S{u,*[g{w)]) = -^-e-e-uj. 
Proof: 

S{u,*[gm = 5K£.(-lf(4-3)._JL_.3(^)Ac.) = 

= -A-s-S{u,g{u)A(j) = -A-s-e-u! . (186) 
From the last expression, it follows that 

w = - ^ ^ ^ • S{u, * [^(w)]) = WW • dec'' A dx^ . (187) 

On the other side, we have * [fif(cU)] = \J —dg ■ Sijki ■ • dx^ A dx^ A rfa;'^. 
Proof: 

* [g{ZJ)] = • Etjki ■ ff^™ • ffmri • • rfx* A dx^ A dx'' = 

= V-dg ■ Sijki ■ ff'" • gmn ■ uF ■ dx' A dx' A dx^ = 
= \J -dg ■ Eijki ■ gl^-uJ" ■ dx* A dx^ A dx'' = 
= \/-dg ■ Eijki ■ of- ■ dx' A dx^ A dx^ . (188) 

Then 

S{u, * [g{uj)]) = 3 • A/-dg ■ £ijki -u^ ■uj'' ■ dx^ A dx^ . (189) 

Proof: 

5(m, * [5(0;)]) = S{u^ ■ dm, ^/^d^ ■ Sijki -tJ^ ■ dx* A dx^ A dx'') = 

= • Sijki -uf-u""- S{dm, dx' A dx^ A dx'') , (190) 

▲ For S{dm, dx' A dx^ A dx'') we obtain 

S{dm,dx'Adx^Adx'')=fm-dx^Adx''-fm-dx'Adx'' + f''m-dx'Adx^ . (191) 
Proof: 

S{dm, dx' A dx^ A dx'') = fm- dx^ A dx'' + (-1) • dx' A S{dm, dx^ A dx'') = 

= fm- dx^ A dx'' - dx' A {f m ■ dx'' - dx^ ■ S{dm, dx'')) = 
= f m- dx^ A dx'' - f m- dx' Adx'' + f'' m- dx' A dx^ . ▲ 

Therefore, 

S{U, * [g{Lj)]) = \f^g ■ Sijki • TD' ■ 7i" • 

•(/* rn ■ dx^ A dx'' - f m- dx' A dx'' + f'^ rn-dx' A dx^) 

= yT-dg ■ {sijki -uj' - u"" ■ fm- dx^ A dx'' - 
-Eijki • • •/■''„ • dx' A dx'' + 
+£yfci -uj' -u"" ■ f''m-dx' A dx^) , 
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UJ 



S{u,*[g{uj)]) = ^/^■u'^ -uj^ ■ f rn- (sijki - Sjiki +£jkii) ■ dx^ Adx'' = 

= 3 • \/-dg ■ Eijki ■ • • dx^ A dx''. (192) 
For the rotation (vortex) velocity w, we obtain 

= — ■ S{u, * [(/(w)]) = ujjk • dx-' A dx'' = 

3 

= - ^ ^ ^ • \/-dg ■ Eijki • • • dx^ A dx'' , (193) 

'^■''^ ~ ~ 4 g e ' ' ^^^''^ -u^ - of" = 

3 



4 • e • e 



• • e^ijk -u' -J . (194) 



3. The rotation velocity tensor uj is orthogonal to u and TD. The first property 
Lo{u) = —{u){uj) = follows from the construction of w. The second property 
w(a7) = —{p){Lo) = can be proved. 

Proof: 



uj{ij) = -■ujjk-{dx^®dx''-dx''®dx^){Uj'-di) 



1 
2 

^ • LOjk -oJ^-ifi- dx^ -Pi- dx'') = 



1 



2 

= - • {iOjk • to'' ■ dx^ — ujjk ■ oj^ • dx'') = 
= ^ • {cojk ■ oj'' ■ dx^ — LOkj ■ cO'' ■ dx^) = 
= ^ • (wjfe + ojjk) ■ • dx^ = 
= LJjk ■ tj'' ■ dx-' = 

= - ^ ^ ^ • ■ Siijk - u' ■w'- ■uj'' -dx^ = Q . (195) 

Therefore, the rotation (vortex) velocity vector uj is orthogonal to the velocity 
vector u and to the rotation velocity tensor lj. 

Special case: {Ln,g)-space admitting the conditions a = 0, ^ = 0. 

Since g{u,LD) = 0, we can chose u and U as tangent vectors to the two of the 
co-ordinate lines, i.e. u and ZJ could fulfil the condition £ypo = 0. Then 

/iu(V„w) = Uj{w) = , relV = g[hu{"^ui^)] = . (196) 

On the other side, 

V„aJ = - • g{u, V„a7) • u + reiv = - ■ g{u, V„ZU) • u , (197) 
e e 

g{u,VuU}) = Vu[g{u,Tn)]-g{'VuU,Tn)-{'Vug){u,'0) , g{u,ui)=0, 
Wu[g{u,uj)] = u[g{u,U)]=0, (198) 

VyM) = -- ■[g{'VuU,in) + {Vug){u,iD)]-u , VuU = a , 
e 

V„a; = --■[g{a,LJ) + {Vug)iu,w)]-u . (199) 
e 
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The rotation vector a; does not change in directions, orthogonal to u. Its change 
along u is collinear to u and depends on V„5 and on the acceleration a. 

Special case: Weyl's spaces. In Wcyl's spaces (with or without torsion), where 
V{ff = (1/n) -Q^-g for £ T{M) and (V„5)(u,aJ) = (1/n) • ■ g{u,uj) = 0, the 
rotation vector ZJ does not change along u if u is a tangent vector on an auto-parallel 
curve, i.e. if VuU = a = 0, 

VuCJ = , a := , (200) 

i.e. lJ is transported parallel along u. 

4. Change of the velocity vector u along the rotation (vortex) velocity vector uJ. 
The change of the velocity u along ZJ could be represented in the form 

V^u = g{sE){ZJ)+g{S){oj) + ^—--g[E]-g[hu{uJ)] + 

n — 1 

+ • [we - (Va75)(u, u)]-u. (201) 
Since g[/i„(a7)] = 57 and g[E] = 0o, we can also write 

Wufu = g{sE){lD)+g{S){lD) + ^—--9o-Tn + 

n — 1 

+ ^ • [we - ( Varff) (u, u)]-u. (202) 

Special case: Shear- free (cr = ^i? = 0) and expansion- free (^[iS] = 9 = 0) V„- 
spaces with u) = S and V^(7 = for G T{M), e :=const.7^ 0. For these types of 
spaces VtjU = 0. Therefore, in Un- and y„-spaces the velocity u does not change 
along the rotation (vortex) velocity vector ZJ. This means that all particles (material 
points, material elements) lying on an axis, collinear to ZJ, have one and the same 
velocity which remains unchanged along this axis 

Vaj[5(M, u)]=we = (Varfif) (w, u) + 2 ■ giVjjU, u)=0 . (203) 

and u is parallel transported along u. This fact is related to the physical interpre- 
tation of w as a rotation axis. 

In (Ln, g)- and (L„. g)-spaces, the rotation velocity vector ZJ changes in general 
along the velocity u. The same is valid for the velocity u along the rotation (vortex) 
vector ZJ. This means that every material point in the flow could have its own 
rotation (vortex) velocity vector ZJ different from that of the other material points 
in its neighborhoods and even different from the rotation vector of the points lying 
on the ZJ itself. In general, we have the relation 

£uZJ = VuTJ - VutU - T{u,ZJ) . (204) 

On the other side, we can calculate the change of the velocity vector u by its 
transport along the rotation (vortex) velocity vector ZJ. Prom the relations 

V„a7 = - ■ g{u, V„a7) • u + reiv , (205) 
e 

g{u, V„cZ;) = - [g{a, ZJ) + (V„5) P, u)] , (206) 

reiv = 5[/iu(V„a7)] = gihu){^ ■ a - £zju) + 5[d(cU)] = 

= g{hu){£uJJ) + g[d{i:j)] , l = g{u,TD) = 0, (207) 
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V„a; = ~-[g{a,Tn) + {'Vug){^,u)]-u + g{hu){£vM)) + 9[d{Tn)] = 
= -i • [g{a,in) + (V„g)(a7,u)] • u + 5(/i„)(£„a7) + 

+g[a + u}+ -e-hy] (w) , (208) 

huii^) = ^(w) , ujp) = , K{g)hu = {K)9{K) = K , (209) 
it follows for V«a7 

V„a7 = -i • [s((a,a;) + (V„5)(a7,'u)] • M+ (i;„a7)_L + 
e 

+g{a){uj) + ^—-e-uj , (210) 
n — 1 

(i?„a;)_L : =g{hu){£vM)) 

If we substitute now the expressions for V„a7 and for VujU in /„a7 = VuZU — 
VotU — T{u,u)) then we will obtain the explicit form of the torsion vector T{u, cJ) 

T{u, W) = -- ■ {g{a,w) + (V„5f) (w, u) + g{u, £yw) + 

e 

+ i • [we - {V^g){u, u)]} ■ u - 

-[5(ai)(w) +5(wi)(a;) + ^ • -oJ] , (211) 

where 

uj = uJo — fjJi , uJo = S , uji — Q , w(ZZJ) = = LVo{i^) — wi(ZZJ) , 

a = (7o — (Jl , (Jo = sE , (7i = sP ■ 

Special case: If u and u are tangent vectors to co-ordinate lines in M, then 
£uCJ = and we can find a representation of the torsion vector T{u, cJ) in the form 

T{u, w) = V„a; - V^fu . (212) 

Special case: U„-spa.ces: V^g = for G T{M), n = 4, £uLO = 0. 

T{u,LO) = ---[g{a,i:o) + l--LJe]-u-g[di{LJ)] . (213) 
If T{u, iJ) := 0, then 

g[di{LD)] =--■ [g{a,iJ) + i • we] • w . (214) 
Since rfi(u) = and [g{u)]{g)[di{ij)] = di{u,iJ) = 0, we obtain 

g{a,uj) + --Loe = , Ue = —2 ■ g{a,uj) . (215) 

In this special case [[/„-space, n = 4, i;„ZZ; = 0, T{u,w) = 0] the velocity u 
will change along the axis ZU only if g{a, ZJ) = 0. This means that the condition 
oJe = will be fulfilled only if the acceleration a is orthogonal to ZJ [g{a,Lj) = 0] or 
a = (if ZU ^ 0). The last condition is fulfilled if the material points are moving on 
auto-parallel trajectories and the same time having vortex velocity a7 ^ 0. 

Special case: V^-spaces. n = 4, £ulJ = 0, T(^, rj) := for V^, r] £ T{M). 

cUe = -2 • g{a,uJ) . (216) 



28 



If further e := const. ^ : g(a, tZJ) = 0. 

In the Einstein theory of gravitation (where e := const. ^ 0) the vortex velocity 
vector 07 is always orthogonal to the acceleration a or the acceleration o is equal 
to zero (auto-parallel, geodesic trajectories). Since in the general case g(a,u) = 0, 
and g{u,id) = 0, the vectors u, cJ, and a construct a triad (3-Bein), where u is a 
time-like vector, where ZJ and a are space-like vectors. 

We can introduce abbreviations for the following invariants: 

fif(cU,cU) : =uP = ±l% , l^ = \g(;[o,LO)\^''^ 
g[uj(^)u:] = Uij ■ g^^ ■ Wki ■ 5'' := 

g[a{g)a] = aik ■ g'^' ■ aij ■ g^ := , (217) 

g[a{g)a{g)a] = aik ■ g''^ ■ aim ■ ■ ^nj ■ 9'^ ■= a^ , 
g{a,a) : = = ±ll , la = \ g{a,a) \^/'^ . 

Let us now consider the change of the vector u along the curve x^{tq = const.. A"). 



3 Friction velocity. Deformation friction velocity, 
shear friction velocity, rotation (vortex) friction 
velocity, and expansion friction velocity 

3.1 Friction velocity 

In the case of change of the vector u along the curve x'^{tq = const.. A"), we have 

/^^"^ -(^ „\ _ 1™ "(ro.Ag+dA°) - ^(To.Ag) _ d 

V^AxoAg)"^ ^(-'^§^"'^^^'^0 dX^ ' ^(«)^-dA^ 

(218) 

The vector V^^^j^u describes the change of the velocity u of material points 
along the orthogonal to u curves x^{tq,X°'). This means that V^^^^^w shows how 
the velocity of the material elements changes at a cross-section of a flow. Usually, the 
change of the velocity of material points in a direction, orthogonal to the velocity, 
is related to the existence of inner friction (viscosity of the media) between the 
different current lines of the flow. 

In an analogous way as for Vu^(a)_L the vector V^^^j^w can be decomposed in 
two parts: one collinear to C(a)-L and one orthogonal to $(a)_L, i-e. 

Du _ g(VC(,u",e(au) _ 

~ • C(a)_L + -R«(o) , (219) 



ka) = .9(V^(„)^?i,C(a)±) , ± ^^(a)± = 5('?(a)_L,C(a)±) , 

_ _ Du 

9{Ru(a),i(a)±) = , =5-5(^(a)_L)«)S'(^(a)_L) • 

The vector Ru{a) is called friction velocity vector or friction velocity. It could be 
consider as a measure for the friction between the layers of a flow. We will consider 
later the structure of the friction vector Ru(a) ■ 
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3.2 Deformation friction velocity, shear friction velocity, ro- 
tation (vortex) friction velocity, and expansion friction 

velocity 

Let us now consider a vector field with g{u,^±) = 0, £^j_u = —£u^i. = 0. Then 
we have the relations 

{ik)g{u) = ^k[g{u)] = V„a - T{u, U) = i^i-j ■ -Tui'-u'^- ' di = 

= ik'^ ■ 9jrn ■^"'■di= ik{g){u) = Uk)g{u) = ik\g{u)] , (220) 
^k = ^k'^-di^dj , sk'^ = {^i,i-Tik'-e±)-9^' -di^dj , 

ik{g){u) = ^k{hi^ + ■ g{U) ^ g{^±)){u) = {ik)h^Au) , 

g{^±,t,±) 

V^^u = -£u^± + {ik)h^^{u) . 
On the other side, from the relations 

V^w = ^^YF^T^-U + Ru , Ru = g[hA^^^u)] , (221) 

g[i.±,t.±) 

hAU) = 0, h^^ ^g- ^ -a^a , (222) 
g{Ru) = hA^^^u) , (223) 
it follows the expression 

h±i^s±u) = -h±i£u^±) + h^^{^k)h^A'^) = 

= -h^A£u^±) + R{u) , (224) 
R{u) = h^Aik)h^Au) , (225) 

[compare with /i„(Vm^) = hu{^ ■ a — £^u) + /i«(fc)/i«(0 / = 0]. 

The tensor of second rank R is called friction deformation velocity tensor. It 
can be represented in the form analogous of the form of the deformation velocity 
tensor 

R=aR+u,R+ --eR-h.^ . (226) 

n - 1 

The tensors ^^R, ^R, and the invariant gR could be found in analogous way as 
the tensors a, uJ. and the invariant 6. 

The symmetric trace-free tensor „R has the form 

„R = - = iE- ^P- • g[^E - jP] • h^^ = aRij ■ dx\dx^ = 

^sE = ^E--^^.g[^E].h^^ , g[^E]=g'^ . ^E^ = g^. ^Eij= e^R , 

OoR = C±;n-:r^-{eu,k-e±-gki;m-^T-e±-e±) , (227) 

^E = h^^{^£)h^^ , ^ks=^e-^m , H^,k = dkC^^ = ek{e^A > 
= ^•(€l;r5'^+^i;r5")-5i-5i , 
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The symmetric trace- free tensor is the torsion-free shear friction velocity 
tensor (shear friction), the symmetric trace-free tensor j^P is the shear friction 
velocity tensor induced by the torsion, 

SsP = iP-^-gkP]-k^ , gi^P] = g'^ ■ ^Pjj = ■ ^Pij = e,m^) 

^P = h^Aim)hu , erR = Tki''-e± , (229) 

oR = OoR - 6,R ■ (230) 

The invariant gR is the expansion friction velocity (expansion friction), the 
invariantgi^i? is the torsion- free expansion friction velocity, the invariant e^R is the 
expansion friction velocity induced by the torsion. 

The antisymmetric tensor of second rank ^iR \s the rotation (vortex) friction 
velocity tensor (rotation friction) 

a,i? = h^^{^ka)h^^ = h^^{^s)h^^ - h^^{^q)h^^ = - , (231) 
iS = h^^{^s)h^^ , = h^^{^q)h^^ , (232) 

1 
2 

iq = l:-{Tmn''-a-9"''-Tmn'-a-r'')-di/\dj 



= i-(€U-r'-d;™-rt-a,Aai , (233) 



The antisymmetric tensor j5 is the torsion- free rotation (vortex) friction velocity 
tensor, the antisymmetric tensor is the rotation (vortex) friction velocity tensor 
induced by the torsion. 

By means of the expressions for ^^R, ^^R, and eR the friction deformation velocity 
tensor R could be written in the form 



where 



R= oR- tR , (234) 



oR = + • eoR ■ , (235) 



T 



R = isP+ iQ+^^- e^R-h^ . (236) 



The tensor qR is the torsion-frcc friction deformation velocity tensor and the 
tensor tR is the friction deformation velocity induced by the torsion, for the case 
of F„-spaces, ^i? = (j^P = 0, = 0, = 0). 

In an analogous way as in the case of the shear velocity tensor a and the expan- 
sion velocity invariant 9, the shear friction velocity tensor crP and the expansion 
friction invariant qR could be represented in the forms 

.rR = l-{kA^u9-£u9)hu-:;;^-ihA^u9-£u9])hu >(237) 

eR = l-huNu9-£s^9] ■ (238) 



3.3 Representation of the friction velocity by the use of the 
kinematic chciracteristics of the relative velocity 

The relative velocity tensor and the friction velocity tensor can be related to each 
other on the basis of the relation £u£, = V^^ — Vjm — T{u, ^). Let us now consider 
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the representation of V^u by the use of the corresponding to u projective metrics 
hu and h'^. We can write for V^u 

= ie + s)g{0 ^ (£ + ■'^MO] = 

= {e + s)[hu + - ■ g{u) (g) giuM) = 
e 

= {e + s)/i„(0 + ^ • (e + s)[g{u)] [g{uM) = 

= {{e + s)K + ^-{s + sMu)]^[g{u)]m , (239) 

ff(Vju) = {g{e + s)hu + ^-g{e + s)[g{u)]^[g{u)]}{0 = 

= {[hu + ^- g{u) g{u)]{e + s)/i„ + ^ • 5f(£ + s)[g{u)] (g) = 
= {K{£ + + ^ • g{u) ® [g{u)\{e + s)/i„ + 

+l.g{e + s)\g{u)\®\g{u)]m . (240) 



Since 



hu{e + s)hu = hu{s)hu + hu{s)hu = E + S = 

= sE + S+ ■ g[E] ■ hu = 

n — 1 

= sE + S -\ ■ 9o ■ hu = do , 

n — 1 

{e + s)[g{u)] = a = VuU , 

[g{u)]{e + s)hy, = [g{u)]{s + s)g - - ■ g{u,a) ■ g{u) , 

e 

[g(u)]ie + s)giO = l-[^e~{V^g)iu,u)] , 
we obtain for g{'V^u) and Vju respectively 

giV^u) = {do + ^- g{a) O g{u) - 

-TT-^ ■ [ue - (V„c/)(m, u)] ■ g{u) ® g{u)}{0 + 

+ ^^-[^e-{V^g){u,u)]-g{u) , (241) 
giV^u) = {^■g{a)^g{u)+ sE + S+^^-g[E]-hu}{0 + 



+ ^-[^e-{Vig){u,u)]-g{u)- 

{[ue - {Vug){u, u)] ■ g{u) g{u)}{^) 



2-e2 

l.a®5(«)-^, 
^ Ke-(V55)(u,u)]-« , (242) 



VfW = {g{do) + --a®g{u)- ^:^-^-[ue-{^u9){u,u)]-u®g{u)}{$,) + 



2-e 

VjM = {-^■a®g{u)+g{sE)+g{S) + ^^^-g[E]-g{hu)){C) + 
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■ [^e - (Vj5()(w,u)] • w- 
^ {[ue-{VugKu,u)]-u^g{u)}{i) . (243) 



2-e 

The relations for g{V^u) and V^u are valid for an arbitrary given contravariant 
vector field ^ € T{M). For an orthogonal to u vector field [g{u,^±) = 0], we 
obtain the representations for ^(Vjw) and V^u in the forms 

giV^u) = do{^±) + ^-[Ue-{^u9){u,u)]-g{u) , (244) 
= g{do){^±) + ^ • K±e - (Vjj_ff)(«,u)] • u . 
Therefore, for V^j^m and /i5j_(V{j^u) we have the relations 

= g{do){U) + ^-[i±e-{V^^g){u,u)]-u , (245) 
hA^Uu) = hA9){do){U) + ^-[Ue-{Vs,g){u,u)]-g{u) , (246) 
h± (w) = 5(w) - — • g{^±,u) ■ g{^±) = g{u) 

Ru = g[hA'^uu)] = {g)hu{g){do){U) + ^-[Ue-iv^^g){u,u)]-u = 

= h^^idoM^) + ^-[^±e-{yi^g)iu,u)]-u , (247) 

= mkAg) ■ 

In our further consideration we will assume the existence of a proper frame of 
reference in a flow. From this point of view it is possible to introduce particular 
designations for some types of flows. 

4 Special types of flows 

4.1 Inert ial flow 

Definition 4 A flow which material points are moving on auto-parallel lines, i.e. 
a flow with VuU — a — as a kinematic characteristic, is called inertial flow. 

Inertial flows will be considered below with respect to their relative accelerations. 

4.2 Vortex-free (irrotational) flow 

Definition 5 A flow for which the vector field u fulfills the condition u = is called 
vortex-free (irrotational) flow. 

If we consider the explicit form for oj 

u) = hu{ka)hu (248) 
we can prove the following propositions: 
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Proposition 6 The necessary and sufficient condition for the existence of a con- 
travariant non-null vector field with vanishing rotation velocity {lo — 0) is the con- 
dition 

ka^--{u(E) [g{u)]{ka) - [g{u)]{ka) u} , (249) 
e 

or in a co-ordinate basis 

fci^ = --5^-«"-K-fcr-«^"-fcr) ■ (250) 

e 

Proof: 1. Necessity. Form hu{ka)hu — 0, it follows that 

hu{ka)hu = Q = g{ka)g ■ g{u)®[g{u)]{ka)g ■ g{ka)[g{u)]® g{u) + 

e e 

+ 4 • {9iu)]{ka)[g{u)] ■ g{u) (g) g{u) . 

Since 

[g{u)]{kaMu)] = g,^ ■ ■ kl' ■ g-^ ■ = -g,^ ■ • fc^^ • g-^ ■ , 
we have [g{u)]{ka)[g{u)] = 0. Therefore, 

9{ka)9= - ■ {g{u) ®[g{u)]{ka)g + g{ka)[g{u)]® g{u)} . 
e 

From the last expression and from the relation g[g{ka)g]g = ka, it follows that 

ka = -■{U(E) [g{u)]{ka) + {ka)[g{u)] ® u} = 

e 

= -■{U(» [giu)]{ka) - [g{u)]{ka) ® U} , 

e 



because of {ka)[g{u)] = — [g{u)]{ka)- In a co-ordinate basis we obtain (250) 
2. Sufficiency. From ( |24g| ) we have 

gika)g = ^ ■ {giu) «> [giu)]{ka)g + gika)[g{u)] (g) g{u)} , 

which is identical to hu{ka)hu = 0. 

On the other hand, after direct computations, it follows that 

{kamu)] = y{{k)[g{u)]-[g{u)]{k)}. 

Since {k)[g{u)\ — a, we have the relation 

ikaMu)] = y{a-[g{um} . 



Then 

ka — -{a^u — ui^a-\-u^ \g{u)]{k) — \g{u)]{k) u} . 
2 • e 

Proposition 7 A sufficient condition for the existence of a contravariant non-null 
vector field with vanishing rotation velocity (lo — 0) is the condition 

ka = . 
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Proof: If ka = 0, then it follows directly from iv = hu{ka)hu that w = 0. 
In a co-ordinate basis ka is equivalent to the expression 

u' .,1 ■ g'^ - ui ,1 ■ 5" = {Ti^ ' • g'^ - Ti^ ^ ■ 5") • . 

On the other side, after multiplying the last expression with gj^ ■ u'^ and sum- 
marizing over j, we obtain 

a' = u'.k-u'' = gjk-u>'- {u^ ,1 - Ttm' ■ w™) • 5" = ^ • • k^' , 
or in a form 

a=\g{u)]{k) . 

Proposition 8 The necessary condition for ka = is the condition 

a=lg{u)]{k) . 

Proof: Prom ka = and {ka)[g{u)] = | ■ {a — [g{u)]{k)}, it follows that a = 
[g{u)m. 

4.3 Volume-preserving (isochoric) flow 

Definition 9 A flow for which the vector field u fulfills the conditions 



vO = -^-{VugX^u) , (251) 
£9 = ^.{£^g){u,u) =^-ue , (252) 

is called volume-preserving (isochoric) flow. 
From the last two conditions, it follows that 

= - = 7r~ ' ii'^y'9){u,u) - ue] = -- ■ g{u,a) , 
2 • e e 

Vu{du}) = , £u{duj) = , 

where dco is the invariant volume element in the differentiable manifold M, consid- 
ered as a model of a continuous media. Since (V„5()(m, u) = ue — 2-g{u, a), we have 
for the expression 

v^ = ^-[«e-2-5(u,a)] . (253) 

Proposition 10 For an inertial (a = V„u = 0) and volume-preserving flow the 
following relations are fulfilled 

vO= £0= -T^-ue , 
2 • e 

61 = . 

The proof is trivial. It follows from the expression for and i;6' in the case of 
a volume-preserving (isochoric) flow. From the condition ^ = 0, it follows that 

Proposition 11 An inertial and volume-preserving flow is an expansion-free flow 
(0 = 0). 
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The proof follows immediately from the above relations for 6 in the case of an 
inertial and volume-preserving flow. 

Proposition 12 For volum,e-preserving flow and a normalized vector field u [g{u,u) = 
const. ^ 0] the following relations are valid 

wd = ■g{u,a) , 
£0 = 0. 

The proof is trivial. It follows from the expression for and i;^ in the case of 
a volume-preserving (isochoric) flow. 

4.4 Shecir-free flow 

Definition 13 A flow with = and £a = is called shear-free flow. 
From the last conditions it follows that a = 0. 

The shear velocity tensor a and the expansion velocity invariant 6 are composed 
as the difference between the corresponding quantities induced by a transport and 
by its corresponding dragging along u. 

A transport along u (action of V„) is a motion of a material point along a line 
with the tangent vector u. A dragging along u (action of £u) is a motion of all 
material points lying in a vicinity (determined by the vectors ^(o)) of the material 
point at the curve with tangent vector u 

V«e(a) = i^U,^■^'+^']r^ia)■^')■9k^eiay,^■^''■^k , (254) 

£u^ia) = {eia),i-n'-u\,-Cia))-dk = {£ue)-dk = 

= V„^(a) - Vj(„)W-T(u,^(„)) , (255) 

The difference between a transport along u and a dragging along u of a vector 
field could be interpreted as a characteristic describing the (relative) change of 
the vector field u under the influence of the vector field ^(o) . Since Vj;^, u is related 
to the friction velocity of the flow, the non-vanishing difference V„^((j) — £ui(a) 
could characterize the friction velocity in the flow. 

If we consider the structure of the relative velocity we can find the relations: 

reiv = g[hu{^u0]=9{hu){£ui) + --9[hu{a)]+-g[d{(,)] , (256) 

e 

9{hu){Vu^ - £uO = { ■ 9[K{a)] + gm)] • (257) 
Special case: I = 5(M,C(a)) := 0, C(a) = ^(a)_L- 

5(/i«)(V«C(a)_L - £u^{a)±) = 9[d{^{a)±)] 
{hu)iVu^ia)±-£u^ia)±) = mia)±)] ■ (258) 

The orthogonal to u projection of the difference V„^(o)_l — £u^{a)± is propor- 
tional to the deformation velocity tensor d. This means that is a measure for the 
relative deformation induced by a transport along u and a dragging along u. This 
relative deformation could be an object of measurement because we can (locally) 
measure a deformation velocity at a point of a line with respect to the deformation 
velocity of its neighboring points outside the line. Usually, the deformation induced 
by a dragging along u is ignored by choosing the vectors u and ^{a)± as tangent 
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vectors to the co-ordinate lines and vice versa, by choosing the co-ordinate hnes as 
hnes with tangent vectors u and C(a)±- Then £uC(a)± = = and the de- 

formation velocity tensor represent the deformation velocity for the special type of 
co-ordinates, this is the common (canonical) method for description of deformations 
in the relativistic continuous media mechanics in y„-spaces (n = 4). The condition 
£^u = has been introduced by Ehlers Q at the beginning of all further consider- 
ations about relativistic mechanics of continuous media. If appropriate co-ordinates 
are imposed by the condition £uC(,a)± = [■'^5C(a)±] = a relative deformation ve- 
locity and its corresponding structures (shear, rotation, and expansion velocities) 
could be considered as absolute kinematic characteristics with respect to the given 
co-ordinates. The same is valid for the kinematic characteristics related to the 
deformation acceleration tensor and its corresponding structures (shear, rotation, 
and expansion accelerations). This is the reason for introducing and considering of 
many notions of continuous media mechanics under the condition £u^{a)± — ot 
£u^^0. 

If we consider the explicit form of the shear velocity tensor (shear velocity, shear) 

a = K{ks)K ■9[hu{ks)hu] ■ hu (259) 

n — 1 

we can prove the following propositions: 

Proposition 14 The necessary and sufficient condition for the existence of a non- 
null contravariant vector field u with vanishing shear velocity (a = 0) is the condi- 
tion 

ks ~ ■{u^a-\-a(S)u-\-u(E) [g{u)] (fc) -I- [g(u)] {k) - 
2 • e 

• [ue — (V„(7)(w, u)] ■ u®u} + 

e 

+ ^—-9-h'', (260) 

71 — 1 

or in a co-ordinate basis 

hi^ = -^-W- -I- ■ a' -f u' ■ ■ • fc"^' + ■ ffmn ■ • fc"' - 
2 ■ e 

-- ■ [e.k ■ u'' - gkm-n -u^-u^- M™] • • u^} + • 9 ■ h'^ . (261) 

e n — 1 

Proof: 1. Necessity. From cr = 0, it follows that hu{ks)hu — ■ g[hu{ks)hy] ■ 
hu ~ ;;TrY ■ d ■ h^- Further, from the explicit form of /i„ and fc^, it follows that 

hu{ks)hu = - - 6 ■ hu= g{ks)g - - • {g{u) ® [g[u)\{ks)g + g{ks)[g{u)\ ® g{u)} - 

n — 1 e 

+ 4 ■ id s)[9 (u)] ■ 9 (u) <E> g{u) , 



^ {u ® [g{u)]{ks) -f {k,)[g{u)] ® w} - ^ • [g{u)]{ks)[g{u)] -w^u- 



e 



p2 

1 



1 



■9{K)9 ■ 



Since [9{u)]{K) = {ks)[g{u)l {k,)[g{u)] = \ ■ {(fc)[g(w)] + [.9(^i)](fc)}, (kMu)] = 
a, ihMu)] = i . {a+[g{u)]ik)}, [g{u)]{hMu)] = [giu)]ikMu)] = giu,a) = 
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i • [ue - (V„5)((i, u)], e = g[hu{ks)hu] = g[hu{k)hu\, and g{hu)g = /i", the explicit 
form of ks can be found as 

ks = -{u^a + a^u + u^ [9{u)] {k) + [g{u)] (k) <Siu — 

- - • fite - (V„5)(m, u)] • m (g) u} + 
e 

n — l 

2. Sufficiency. From the last expression and the above relations, it follows that 
hu{ks)hu = ■ ■ hu, and therefore a = 0. 

Proposition 15 A sufficient condition for the existence of a non-null vector field 
with vanishing shear velocity (a = 0) and expansion velocity (6 = 0) is the condition 

hu{ks)hu = , 

identical with the condition 

ks = ■ {u® a + a (Si u + u (Si [g{u)]{k) + [g{u)]{k) u — 

— ^ • [ue — (Vug) {u, w)] • u (g) u} 

Proof: If hu{ks)hu = 0, then 6 = g[hu{ks)hu\ = 0. Therefore, a = hu{ks)hu — 
-^■9-hu = 0. 

n—l " 

Corollary. If hu{ks)hu = 0, then 

9%] = ^-[ue- {Vug){u, u)] . (262) 
2 • e 

Proof: It follows from the above proposition that 

6 = g[ks] - - ■ g{u, a) = , 
e 

9[ks] = - ■ g{u, a) = [ue - (V„5)(m, u)] . 

e 2 ■ e 

4.5 Rigid flow 

Definition 16 A flow which is isochoric (volume-preserving) and shear-free is called 

rigid flow. 

An other definition of the notion of rigid flow could also be introduced. Let us 
consider the vectors C(a)± as infinitesimal vectors, determining a cross section in the 
flow orthogonal to the vector u. If the vectors C(o)_l are Fermi- Walker transported 
[?] they will not change their lengths and angles between them. The cross section 
will move along u without any deformation. Therefore, the Fermi- Walker transport 
determines a motion of a cross section of a flow as a rigid body. A rigid flow is 
then deflned as a flow with cross sections transported along a vector u by means of 
a Fermi- Walker transport. Since a Fermi- Walker transport is not a priori related 
to the kinematic characteristics of a flow, the last deflnition of a rigid flow is more 
general than the first definition using the kinematic characteristics related to the 
relative velocity in a flow. For a Fermi- Walker transport of type C [?] we have the 
relation 

gMm^u) - a;](e(„)i) = J • /i"[(V„5)(e(„)i)]+ 
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+ 9[hu{£uiia)A.)] + iWii^a)!.)] + ' ' ^(a)± , (263) 

where ^ui is the covariant antisymmetric tensor of second rank from the structure 
of the Fermi derivative [for more details see [?], [?]]. By the use of the relations 

/J"(V„5) = h^[hu{9){Vu9mhu + 

+ - ■ [/i«(5)(V„5)(m) ® g{u) + g{u) ® hu{g){V ug){u)] + 
e 

+^-{Vug){u,u)-g{u)®g{u)\ , (264) 



h^ihu)g = /i" , 
{hu)g{hu) = hu , 

h"{g){u) = hu[g{u)] = , 
we can find a representation of the tensor ^lo in the form 

= hu{g){^Lj){g)hu + 

+ ^-[hu{g)Coj){u)^g{u)-g{u)^hu{9){^u)){u)] . (265) 

At the same time ^uj has the following properties; 

^u;{u) = hum^Lo){u) , (266) 
^^{^(a)i.) = huig)C>^ma)±)---ika)±)ihu)9i^u;){u)-g{u) , (267) 



where 



(C(a)J.)(/i«) = gi^(a)±) = iUa)±)a 



Now ^oj could be represented in the form 



F. . F, . I F 



(J 



^oj , (268) 



where 



^uj± = hu{g){^ uj){g)hu , 

= ^■[hu{g){''uj)iu)(Sg{u)-g{u)(^hu{g)i^Lo){u)] 
^u{u) = -{u){^u) = Km^u;){u) , 

w(C(a)±) = ^^^{^{a)±,u) ■ g{u) 



The tensor ^u) contains in general terms not orthogonal to the vector u [^uj{u) = 
— {u)(^uj) 0] in contrast to the tensor lu [uj(u) = —(u)(lj) = 0]. Therefore, a rigid 
dynamic system is either a rigid flow or a system transported by means of a Fermi- 
Walker transport. 
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4.5.1 Rigid flow and Fermi- Walker transports 

Ehlers Q has defined a Fermi derivative ^V„^ in the form 

'V„a :=M/»u(V„a)] • (269) 
If an external covariant differential operator "^Vu is chosen as [?] 

:= V„ - (270) 

with 



Au ■■=^- [VuU (8) g{u) - u (g) g{Vuu)] 



i.e. if ^V„ is chosen as 



:= V„ - - • [V„u® g(u) - M®5(V„u)] , (271) 
e 



then 



Vu^i = V„C± - - • [Vuu ®g{u)~u(» 5(V„u)] (a) = 

e 

= V„C± + --5(V„u,a)-^^, (272) 

e 

because of g{u,£_±) = 0. Now, using the expression for V„^j_, 

v„e± = - •5(",v„a) •w+5[/iu(Vuei)] 

e 

we can find the form of the Fermi derivative, introduced by Ehlers 

''Vu^j^ = - ■ g{u,\/u£.±) ■u + g[hu{\7uU)] + - ■ gC^uU,£,±) ■u = 
e e 

= g[hu{\/u(±)]---{Vug){u,U)-u , (273) 
e 

where 

V„[g(u,e±)] - u[g{u,U)]=0 = 

= (V„g)(w,a)+g(V„M,a)+5(w,V„C±) • 

For Vti5 = we have 

'yu(±^g[huiVu^±)]= relV . (274) 

The last condition is not fulfilled if Vug 7^ 0. 

The notion of Fermi- Walker transport has richer contents than usually assumed 
on the basis of different heuristic viewpoints (ManofF 1998, 2000). In the structure of 
a Fermi- Walker transport a covariant antisymmetric tensor field ^oj of second rank 
plays an important role. On the other side, in the deformation velocity tensor and 
in the relative velocity respectively the rotation (vortex) velocity tensor co is exactly 
of the type of the tensor ^uj. This fact leads to the assumption for identification of 
both the tensors in (pseudo) Riemannian spaces without torsion. Such convention 
§ could be unique only if we consider the kinematics of a continuous media. If we 
consider in addition dynamical models of substratum then there could exist other 
interpretations of the antisymmetric tensor ^ui in the structure of a Fermi- Walker 
transport. In {Ln,g)- and (Lji, (7)-spaces there is no unique relation between the 
rotation velocity tensor and a Fermi- Walker transport. This means that in general 
there is no need for a relation between the rotation velocity tensor and a Fermi- 
Walker transport. Only if material points in a flow are Fermi- Walker transported 
a relation between and oj could be established. 



40 



4.6 Deformation-free flow 



Definition 17 A fl,ow with vanishing deformation velocity tensor d, i.e. with d = Q, 
is called deformation-free flow. 

If the co-ordinates in a flow are chosen in the way that £^u = — »f „^ = then 
from the differential geometry in (L„, g)-spaces we have the relation 

V„,e-Vjw-T(«,O=0 . (275) 

The parallel transports of the deviation vector ^ along the velocity vector u 
and vice versa assure the vanishing of the vector of torsion T{u,^). Therefore, the 
conditions 

£ui = -£^u = , 

V„e = , (276) 
V^u = , 

should lead to deformation- free flow of a continuous media. The last two conditions 
(V„^ = 0, V{U = 0) should by dynamically generated.. We could speak about 
deformations if 7^ or V^u ^ 0, or if ^ and V|U ^ 0. The condition 
^ means that the deviation vector ^ changes in the time and generates 
changes of the distance, the relative velocity and the relative acceleration between 
the material points in tlw^ media. The condition V^m ^ means that the velocity 
vector u changes along the co-ordinate line (if £u^ = —£^u = 0) with tangent 
vector ^ and this changes could be a corollary of friction between the material 
points in the media. 

If we consider the explicit form for d 

d := hu{k)hu (277) 

we can prove the following propositions: 

Proposition 18 The necessary and sufficient condition for the existence of a non- 
null contravariant vector field u with vanishing deformation velocity {d = 0) is the 
condition 

A: = --{a(g)u-|-w(8) \g{u)](k)} - J-^ ■ [ue - {Vug){u,u)] -u^u , 
e ie^ 

or in a co-ordinate basis 

¥^ = ^ • (a* • + ■ k^^ ■ g-i- ■ vT) 

"2^ ■ ^^'^ ■ " • ■ ^'^ • • ■ • 

Proof: 1. Necessity. Prom d = /i„(fc)/i„, after writing the explicit form of it 
follows that 

d = g{k)g-^-g{u)^[g{u)]{k)g-^-g{k)[g{u)]0g{u) 
+4 • [g{u)]{k)[g{u)]-u^u . 
Since {k)[g{u)] = a = V„m, it follows further that 

[g{u)]{k)[g{u)] = [g{u)]{a) = g{u,a) = 1 • [ue - {Vug){u,u)] . 
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Therefore, 

d = 0: g{k)g = i • {g{u) [g{u)]{k)g + g{a) (g) g{u)} 

■g{u,a)-g{u)®g{u) . 
Prom g{g{k)g)g = k, we obtain 

k = ^ ■ {a(S,u + u'S,[g{u)]{k)} - 

[ue — {'Vug){u,u)] ■ u . 



2-e2 

2. Sufficiency. Prom the exphcit form of fc, it follows that 

g{k)g = -■g{u)^[g{u)]{k)g+--g{k)[g{u)]i»g{u)- 
e e 

— 2 ■ aiu.a) ■ g{u)® g{u) 

which is identical to hu{k)hu = d = Q. 

Special case: V„u = a := 0, W^g := for e T{M) (f/„-space), ue = : e 
const. ^ (u is a normalized, non-null contravariant vector field). 

d = 0: k = ^ ■ u ® [g{u)]{k) , 

[kMO] = - • u [9{u)m[gm = - • [9{u)m[gm ■ « . 

e e 



reiv = g[hu{^uO] = -9{hu){£su) for e T(M) . (278) 

Proposition 19 A sufficient condition for the existence of a non-null contravariant 
vector field with vanishing deformation velocity (d = 0) is the condition 

k = , 

equivalent to the condition 

V^u = T{^,u) forVCeT(M) , 

or in a co-ordinate basis 

k'^ = : u'.j= Tjk ' -u^ . 

Proof: Prom A: = and {k)\g{i)\ = V^u - T{^,u) for € T{M), it follows 
that V|U — T(^, u) = or in a co-ordinate basis -j — Tjk ' • u'^ = 0. In this case 
£^u = V^u-S/ui-T{i,u) = -Vut 

Corollary. A deformation-free contravariant vector field u with /c = is an 
auto-parallel contravariant vector field. 

Proof: It follows immediately from the condition Vju = T(^, u) and for ^ = u 
that V„w = a = 0. 
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Proposition 20 The necessary condition for the existence of a deformation-free 
contravariant vector field u with k — is the condition 

[R{u, vM = [£riu, v)]C for Ve, V e T{M) , 

or in a co-ordinate basis 

pfc / n pk 

ilj ' W — ^ u-^ ij ■ 

Proof: By the use of the exphcit form of the curvature operator R{u, v) acting 
on a contravariant vector field ^ 

[Riu, v)]^ = V„V,e - V,V„e - V£„,e , ^,v,ue T{M) , 

and the exphcit form of the deviation operator £r{u, v) acting on a contravariant 
vector field ^ 

we obtain under the condition V^u = T(^,u) (equivalent to the condition £y^^ = 
= V„V„C - Vv.cu - T{u, V„e) - V„ V„C - V£„^e = 

Since 

Vv„4U + T(u, V„0 = for Vv, £ T(Af ) , 

we have 

[R{u,v)]^=[£r{u,v)]^ for Vw,CeT(M) . 
The last condition appears as the integrability condition for the equation for u 

V^u = T{^,u) for VCeT(M) . 

Proposition 21 A deformation-free contravariant non-null vector field u with k — 

is an auto-parallel non-null shear-free (a ^ 0), rotation-free (lo — 0) and expansion- 
free (0 — 0) contravariant vector field with vanishing deformation acceleration 
(A = 0) il. 

Proof: If fc k'^ ■ ^^ ® dj =0 and V„u = a = 0, then fc, = fc^*-?) • d^.d^ = 

1 . (fcy + k3^) . d,.dj = 0, and ka = ■ A = \ ■ {k'^ - ■ A dj = 0. 
Therefore, a = hu{ks)hu - • g[/iu(fcs)/i«] ■ /lu = 0, 6' = g[/i„(fcs)/i„] = 0, and 
u; — hu{ka)hu — 0. From the explicit form of the deformation acceleration A (see 
below), it follows that A = 0. 

From the identity for the Riemannian tensor i?* jj^i 

jkl + ^ Ijk + ^ fcij = ^jk d + Jij :fe + J-kl -j + 

, rp m rp i , rp m rri i : rp m rp i /0'7^^ 

■ -Lml + -l-lj ■ J-mk + J- kl ' mj A^'^J 

after contraction with gl (equivalent to the action of the contraction operator S — C) 
and summation over / we obtain 

Rjk — Rkj + R^ ijk = Tjk * ;,; + Tij ' ;fe — Tik * -j + (280) 

\J-jk ' mi ij ' mk ik ' rnj 
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If we introduce the abbreviations 

aRjk '■= 2 ■ i^jk — Rkj) 1 Tji ' := Tj , (281) 

where Tj^ * = —T^i * = —T^, then the last expression for Rjk can be written in the 
form 

2r> — T>i _i_7^^ rp i , 

a-^jk — ijk ' jk ;i ~r ij ;/c ik ;j ~r 

I on m rp , rp m rp i rp m rp i /'OQOA 

iJ-jk '-'■m.i-i-ij ' -l-mk -'■ik ' -'-mj ■ \^zoZ) 

Therefore, aRij ■ can be written in the form 

2 • aR^j ■ + R' ijk ■ = Tk-j ■ - Tj.k ■ + Tjk ' -t ■ + 

• Tjk " • w^' + Tij ^-u^ ■ T„fe ' - T^fe " ■ T^j ' (-288) 
Prom the other side, from -j = Tji * • u' and o' = m' -j ■ — 0, we have 

u' -j-k = Tji Vft • + '■Tki'^-u' , (284) 

-rfeiV, .«'-Tfc„*.T,,'".w' , (285) 

+Tfe„'-T,7™-w'-T,-„'-T«'"-u' , (286) 

Rij ■ = -Ti-j ■ - Tji ',i-u'-Tm- Tji ™ • , (287) 

Rij ■ • u> = sRij -u^-u^ = 1= -Ti-j ■ • = -{Ti- u').j ■ u> = 6^ . (288) 

By the use of the decompositions Rij = aRij + sRij , Rij 'U^ = aRij'U^ + sRij •w-' , 
and the above expression for Rij ■v}, we can find the following relations 

2 • aRjk ■ = Tk;j ■ - Tj.k -v? -1- Tkj ' ;i • u^' - 2 • T„ • Tkj ™ • (289) 

ijk ' ~ (!^kj ;i ~l~ * '^kj ~l~ '^ij ' ^mk T-^ik ' '^mj ) * ; (290) 

2 • ,Rjk ■ = -{Tj,k + Tk;j) ■ . (291) 

It follows that in a (L„. g)-spacc the projections of the symmetric part of the 
Ricci tensor on the non-null contravariant vector field u with fc = is depending 
on the covariant derivatives of Tj (respectively on the covariant derivatives of the 
torsion Tik ') and not on the torsion Tjfc ' itself. 

4.7 Conformal flow 

Definition 22 A flow for which £y,g = X ■ g [or £„g = —A • 'gj with A = (l/n) • 
g[£u9] is called conformal flow. 

Proposition 23 For a conformal flow the following relations are valid 
£0 = A , £(7 = 0, cr = vCT, 

e=v0-£0= v^ + ^-A , 

£u{dijj) = ^ ■ X - duj . 
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The proof follows from the explicit forms of £u'g, £0, and £u{du)), £u'g = 
—'g{£u9)'g, hu\g\ = n — l, under the definition of a conformal flow. 
Special case: Un- and F„-spaces. 

n — 1 

^a = a = , ye = , 9= ■ A . 

4.8 Isometric flow 

Definition 24 A flow for which £ug = is called isometric flow. 

Proposition 25 For an isometric flow the following relations are valid 

£a = , £e = Q , £u{duj) = , 
a = vc J 9 = -vO . 

5 Conclusion 

In this paper the notion of relative velocity and its kinematic characteristics are 
introduced and considered. On an analogous basis, the notion of friction velocity 
and its kinematic characteristics in a continuous media are also introduced. The 
deformation and friction velocity tensors are found. Special types of flows show 
that some notions of classical continuous mechanics and hydrodynamics could be 
generalized without difiiculties for continuous media mechanics and hydrodynamics 
in (L„, (7)-spaces. 
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